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SOME REMARKS ON ATYPICAL INTERSECTIONS
VAHAGN ASLANYAN
Abstract. We prove weak versions of the Zilber–Pink conjecture in the semi-abelian and
modular settings. Given a “small” set Γ, which is a subgroup of finite rank in the semi-
abelian case and a subset of Qalg consisting of special points and Hecke orbits of finitely
many non-special points in the modular case, we consider Γ-special subvarieties—weakly
special subvarities containing a point of Γ (or a tuple from Γ in the modular case)—and
show that every variety V contains only finitely many maximal Γ-atypical subvarieties, i.e.
atypical intersections of V with Γ-special varieties the weakly special closures of which are
Γ-special. The Mordell–Lang conjecture and its modular analogue (established by Habegger
and Pila), as well as the Ax–Schanuel theorem in each setting, play a key role in our proofs.
1. Introduction
The Zilber–Pink conjecture is a statement about atypical intersections of an algebraic va-
riety with some (countable) collection of varieties known as special varieties. An intersection
is atypical or unlikely if its dimension is larger than expected. The Zilber–Pink conjecture
states, roughly speaking, that atypical intersections of a variety with special varieties are
governed by finitely many special varieties (precise definitions and statements will be given
shortly).
The conjecture for algebraic tori and, more generally, for semi-abelian varieties was first
posed by Zilber in his work on Schanuel’s conjecture and the model theory of complex
exponentiation [Zil02]. He showed, in particular, that it implies the Mordell–Lang conjec-
ture. Bombieri, Masser and Zannier [BMZ07] gave an equivalent formulation independently.
Pink [Pin05b, Pin05a] proposed (again independently) a more general conjecture for mixed
Shimura varieties which also implies the André–Oort conjecture.
Let us start with a rigorous definition of atypical intersections. Given two varieties V
and W in some affine space Cn, one expects that dim(V ∩W ) = dimV + dimW − n. In
particular, if dimV + dimW < n then V and W are not expected to intersect. It is known
that dim(V ∩W ) is always at least dimV +dimW −n and for varieties in “generic position”
equality holds, i.e. V and W intersect typically. When dim(V ∩W ) > dimV + dimW − n
one says the intersection V ∩W is atypical. More generally, we have the following definition.
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Definition 1.1. Let V and W be subvarieties of some variety S. A non-empty component
X of the intersection V ∩W is atypical in S if dimX > dimV +dimW −dimS, and typical
if dimX = dim V +dimW−dimS (if S is smooth then a non-strict inequality always holds).
Now let us describe special subvarieties (for more definitions and details see Sections 2 and
3). For a semi-abelian variety S (defined over C) its special subvarieties are torsion cosets
of semi-abelian subvarieties of S, and arbitrary cosets are called weakly special subvarieties.
Note that these are the irreducible components of algebraic subgroups of S. In the modular
setting, the special subvarieties of Y (1)n (where the modular curve Y (1) is identified with the
affine line C) are irreducible components of algebraic varieties defined by modular equations,
that is, equations of the form ΦN (xi, xk) = 0 for some 1 ≤ i ≤ k ≤ n where ΦN (X, Y ) is
a modular polynomial (see [Lan73]). If we also allow equations of the form xi = ci for
constants ci ∈ C then we get weakly special subvarieties.
Now let S be a semi-abelian variety or Y (1)n, and S be a special subvariety of S. For a
subvariety V ⊆ S an atypical subvariety of V in S is an atypical (in S) component X of an
intersection V ∩T where T ⊆ S is special. When we do not specify S then we mean S = S,
i.e. an atypical subvariety of V is an atypical subvariety of V in S.
Now we are ready to formulate the Zilber–Pink conjecture (see [Zil02, BMZ07, Pin05b,
HP16]).
Conjecture 1.2 (Zilber–Pink for S: Formulation 1). Let S be a semi-abelian variety or
Y (1)n and V ⊆ S be an algebraic subvariety. Then V contains only finitely many maximal
atypical subvarieties.
There are many equivalent formulations of this conjecture. Let us consider one of them.
Conjecture 1.3 (Zilber–Pink for S: Formulation 2). Let S be a semi-abelian variety or
Y (1)n and V ⊆ S be an algebraic subvariety. Then there is a finite collection Σ of proper
special subvarieties of S such that every atypical subvariety X of V is contained in some
T ∈ Σ.
The special case of this conjecture when S is an algebraic torus is known as the Conjecture
on Intersections with Tori (CIT).
Many special cases and weak versions of the Zilber–Pink conjecture are known. The
reader is referred to [Zan12, HP12, HP16, Tsi18, DR18, Asl18] for various results and recent
developments around this conjecture. We formulate two weak versions below which follow
from the Ax–Schanuel theorem in the appropriate setting ([Ax71, PT16]). Those results will
play a crucial role in our proofs.
Theorem 1.4 (Weak Zilber–Pink for semi-abelian varieties, [Zil02, Kir09, BMZ07]). Let S
be a semi-abelian variety and V be an algebraic subvariety of S. Then atypical components
of intersections of V with cosets of algebraic subgroups of S are contained in cosets of finitely
many algebraic subgroups.
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There is a similar result in the modular setting. Below a strongly atypical subvariety is
an atypical subvariety with no constant coordinates.
Theorem 1.5 (Weak Modular Zilber–Pink, [PT16, Asl18]). Every algebraic subvariety V ⊆
Y (1)n contains only finitely many maximal strongly atypical subvarieties.
Thus, any atypical subvariety of V is either contained in a special variety from a finite
collection Σ or in a variety defined by equations of the form xi = ci for some constants ci
(and the latter is the analogue of a coset of an algebraic subgroup).
In this paper we generalise the above theorems.
Definition 1.6. Let S be a semi-abelian variety and Γ ⊆ S be a subgroup of finite rank.
• A Γ-special subvariety of S is a translate of a semi-abelian subvariety of S by a point
of Γ.
• For an algebraic variety V ⊆ S, an atypical component X of an intersection V ∩ S,
where S ⊆ S is Γ-special, is called Γ-atypical if every coset of an algebraic subgroup
of S containing X is Γ-special, i.e. contains a point of Γ. For example, if X ∩ Γ 6= ∅
then X is Γ-atypical.
The following is one of our main results.
Theorem 1.7. Let S be a semi-abelian variety, Γ ⊆ S be a subgroup of finite rank and
S ⊆ S be a Γ-special subvariety. Then every subvariety V ⊆ S contains only finitely many
maximal Γ-atypical subvarieties in S.1
We also prove an analogue of this theorem in the modular setting.
Definition 1.8. Let Γ be a finite subset of C.
• A point z ∈ C is Γ-special if it is either special or in the Hecke orbit of some γ ∈ Γ,
that is, ΦN(z, γ) = 0 for some modular polynomial ΦN .
• A weakly special subvariety of Y (1)n is Γ-special if its constant coordinates are Γ-
special.
• An atypical component X of an intersection V ∩ T , where T is Γ-special, is a Γ-
atypical subvariety of V if all constant coordinates of X are Γ-special.
Theorem 1.9. Let Γ be a finite subset of Qalg and S ⊆ Y (1)n be a Γ-special variety. Then
every subvariety V ⊆ S contains only finitely many maximal Γ-atypical subvarieties in S.
Thus, Theorem 1.5 states that V contains finitely many maximal atypical subvarieties
with no constant coordinates, and Theorem 1.9 shows that we can also deal with atypical
subvarieties with constant coordinates provided that we limit those constants to a “small”
set. In particular, V contains only finitely many maximal atypical subvarieties all constant
1The Zilber–Pink conjecture too can be stated more generally for special subvarieties of S.
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coordinates of which are special. In terms of optimal varieties (see Section 5) this is equiva-
lent to the statement that V contains only finitely many optimal subvarieties whose weakly
special closures are special.
Note that Pila and Scanlon have proven some differential algebraic Zilber–Pink theorems
recently where they work over a differential field (K;D) and consider atypical intersections
possibly with constant coordinates which are not constant in the differential algebraic sense,
i.e. they allow equations xi = ci where ci ∈ K with Dci 6= 0. In particular, ci cannot
be algebraic (over Q) since algebraic numbers are constant in any differential field. See
Scanlon’s slides [Sca18] for details.
Let us outline the strategy of the proof of Theorem 1.7 assuming for simplicity that
S = S. Given a subvariety V and an algebraic subgroup T of S, we show that a generic
coset of T intersects V typically (or does not intersect it at all). This is consistent with the
intuitive idea that “generic” varieties intersect typically. Thus, the set of all points c ∈ S
for which V ∩ (c + T ) is atypical in S is a proper closed subset CT of S. If we restrict
ourselves to Γ-atypical subvarieties then we can use the Mordell–Lang conjecture to deduce
that CT ∩ Γ is contained in the union of finitely many Γ-special subvarieties of CT . On the
other hand, by Theorem 1.4 we need to consider only finitely many subgroups T which yields
the desired result. In the modular setting we follow the same strategy using an analogue of
the Mordell–Lang conjecture for Y (1)n established by Habegger and Pila in [HP12]. Note
that our arguments are quite general and should go through in other settings too provided
there is an Ax–Schanuel theorem and some analogue of the Mordell–Lang or André–Oort
conjectures. Furthermore, Daw and Ren showed in [DR18] that the Zilber–Pink conjecture
for Shimura varieties can be reduced to a conjecture on finiteness of optimal points. It seems
their methods can be adapted to reduce Theorem 1.9 to a similar point counting problem
which follows from Mordell–Lang, and that will then give another proof for Theorem 1.9.
Daw has shown in a private communication to me that this can indeed be done for Γ = ∅.
See Section 5 for more details.
The paper is organised as follows. Sections 2 and 3 are devoted to the proofs of Theorems
1.7 and 1.9 respectively. In Section 4 we prove uniform versions of our results using uniform
statements for the appropriate Mordell–Lang conjecture. In Section 5 we rephrase our main
theorems in terms of optimal varieties and discuss possible generalisations to other settings.
Notation and conventions.
• Throughout the paper all varieties are assumed to be defined over C, and will be
identified with the sets of their complex points.
• For a field K its algebraic closure is denoted by Kalg.
• For an algebraic variety S and a constructible set Q let prQ : S × Q → Q and
prS : S × Q → S be the projections onto Q and S respectively. Given a subvariety
V ⊆ S×Q with prQ(V ) = Q and a point q ∈ Q denote Vq = prS(pr
−1
Q (q)∩V ). Then
(Vq)q∈Q is a parametric family of subvarieties of S.
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2. Γ-atypical subvarieties in semi-abelian varieties
Definition 2.1. An algebraic torus T over C is an irreducible algebraic subgroup of Gnm(C)
for some positive integer n, where Gm(C) = C
× is the multiplicative group of C. Equiva-
lently, an algebraic torus is an algebraic subgroup of Gnm(C) that is isomorphic to G
d
m for
some d (which is its dimension).
Algebraic subgroups of Gnm(C) are defined by several equations of the form
ym11 · · · y
mn
n = 1.
For any such subgroup the connected component of the identity element is an irreducible
algebraic subgroup of finite index and is a torus. Thus, every such group is equal to a disjoint
union of a torus and its torsion cosets.
Definition 2.2. An abelian variety is a connected complete algebraic group. A semi-abelian
variety is a commutative algebraic group S which is an extension of an abelian variety by a
torus, that is, there is a short exact sequence 0 → T → S → A → 0 where A is an abelian
variety and T is a torus. In particular, abelian varities and tori are semi-abelian.
Note that in this paper commutative groups, e.g. abelian and semi-abelian varieties, will
be written additively. However, algebraic tori are written multiplicatively since they are
subgroups of a multiplicative group Gnm.
Remark 2.3. An irreducible (equivalently, connected) closed subgroup of a (semi-)abelian
variety is a (semi-)abelian subvariety. As in the case of algebraic tori, an algebraic subgroup
of a semi-abelian variety can be decomposed into a disjoint union of a semi-abelian subvariety
(the connected component of identity) and its torsion cosets.
Now we formulate a uniform and slightly stronger version of Theorem 1.4. We will need
uniformity in Section 4 where we establish uniform versions of our results.
Theorem 2.4 ([Kir09, Zil02]). Let S be a semi-abelian variety and (Vq)q∈Q be a parametric
family of algebraic subvarieties of S. Then there is a finite collection Σ of proper algebraic
subgroups of S such that for any q ∈ Q, any algebraic subgroup H of S, any element a ∈ S
and any atypical component X of the intersection Vq ∩ (a + H) there is T ∈ Σ and b ∈ S
such that X ⊆ b+ T .
Furthermore, we may assume that X is a typical component of the intersection (Vq ∩ (b+
T )) ∩ ((a+H) ∩ (b+ T )) in b+ T .2
Definition 2.5. Let S be a semi-abelian variety.
• Cosets of semi-abelian subvarieties of S are called weakly special subvarieties of S.
• A special subvariety of S is a torsion coset of a semi-abelian subvariety of S. Equiv-
alently, a weakly special subvariety is special if it contains a torsion point.
2This last statement actually follows easily from the main conclusion of the theorem. See Remark 2.17.
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• Let V ⊆ S be a subvariety. A (weakly) atypical subvariety of V is an atypical (in
S) component of an intersection of V with a (weakly) special subvariety.
• For an irreducible subvariety X ⊆ S, the weakly special closure of X, denoted 〈X〉ws,
is the smallest weakly special subvariety containing X. Similarly, 〈X〉 denotes the
special closure of X, i.e. the smallest special subvariety containing X.
Remark 2.6. The weakly special closure is well-defined since an intersection of cosets of
algebraic subgroups is a coset itself the irreducible components of which are weakly special.
Similarly, the special closure is also well-defined.
Note also that due to Remark 2.3, Theorem 2.4 states that weakly atypical subvarieties
of an algebraic variety V ⊆ S are accounted for by cosets of finitely many semi-abelian
subvarieties of S.
The following simple fact (and its obvious analogue in the modular setting) will be used
repeatedly in the paper.
Lemma 2.7. Let V ⊆ S be as above. If X is a weakly atypical subvariety of V in S then
X is an atypical component of the intersection V ∩ 〈X〉ws in S.
Proof. Assume T ⊆ S is weakly special such that X is an atypical component of V ∩ T in
S. Then 〈X〉ws ⊆ T and so
dimX > dim V + dimT − dimS ≥ dimV + dim〈X〉ws − dimS.
Now if Y ⊆ V ∩ 〈X〉ws is a component containing X then Y ⊆ V ∩ T . Since X is an
irreducible component of V ∩ T , so is Y and in fact X = Y . 
The analogous statement for atypical subvarieties and special closures holds too.
Definition 2.8. A commutative group Γ is said to have finite rank if there is a finitely
generated subgroup Γ0 ⊆ Γ such that for every γ ∈ Γ there is a positive integer m such that
mγ ∈ Γ0. Equivalently, Γ has finite rank r if dimQ(Γ⊗Q) = r.
Let us recall some definitions from the introduction for convenience.
Definition 2.9. Let Γ ⊆ S be a subgroup of finite rank.
• A Γ-special subvariety of S is a coset γ + T for some γ ∈ Γ and some semi-abelian
subvariety T of S. Equivalently, a weakly special subvariety is Γ-special if it contains
a point of Γ.
• For a subvariety V ⊆ S, a weakly atypical subvariety of V is Γ-atypical if its weakly
special closure is Γ-special.
Now we formulate the Mordell–Lang conjecture for semi-abelian varieties which was proved
in a series of papers by Faltings, Vojta, Hindry, McQuillan, Raynaud, Laurent and others.
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Theorem 2.10 (Mordell–Lang conjecture, [McQ95]). Let S be a semi-abelian variety and
Γ ⊆ S be a subgroup of finite rank. Given an algebraic subvariety V ⊆ S, there is a finite
collection ∆ of Γ-special subvarieties of V such that
Γ ∩ V ⊆
⋃
A∈∆
A.
Remark 2.11. This is equivalent to the statement that if V ∩Γ is Zariski dense in V then V
is a finite union of Γ-special varieties. Yet another formulation is that an algebraic variety
V ⊆ S contains finitely many maximal Γ-special subvarieties.
Lemma 2.12. Let T ⊆ S be an algebraic subgroup and V ⊆ S be an irreducible algebraic
subvariety. The set C := CT := CT,V := {c ∈ S : V ∩ (c + T ) is atypical in S} is a proper
Zariski closed subset of S.
Note that by definition atypicality of an intersection implies that it is non-empty, hence
if V ∩ (c+ T ) = ∅ then c /∈ C.
Proof. For every c ∈ S obviously dim(c+ T ) = dim T . Hence
C = {c ∈ S : dim(V ∩ (c + T )) ≥ dimV + dimT − dimS+ 1}
which is Zariski closed in S. We will show that C ( S.
The quotient S/T is (definably isomorphic to) an algebraic group and the natural pro-
jection pi : S → S/T is a morphism of algebraic groups.3 Note also that S/T is connected
and hence irreducible.
Let u = b+T ∈ S/T be generic in S/T . We claim that b /∈ C. If V ∩ (b+T ) = ∅ then we
are done. So we assume pi(V ) is Zariski dense inS/T . Consider the setW ⊆ S×S/T defined
by the equation pi(x) = y. Then the fibre of the projection of W onto S/T above u is the
coset b+T . It is clear thatW∩(V ×S/T ) is irreducible (since V andS/T are irreducible and
W is defined by the equation pi(x) = y) and dim(W ∩(V ×S/T )) = dimV, dimW = dimS.
Since u is generic in S/T , by the fibre dimension theorem ([Sha13, Theorem 1.25])
dim(V ∩ (b+ T )) = dim(W ∩ (V ×S/T ))− dimS/T = dimV + dimT − dimS.
Hence b /∈ C and we are done. 
Remark 2.13. It is clear that CT = CT + T =
⋃
c∈CT
(c+ T ).
Theorem 2.14. Let S be a semiabelian variety and Γ be a subgroup of finite rank. Then
for every subvariety V ⊆ S there is a finite collection Σ of proper Γ-special subvarieties of
S such that any Γ-atypical subvariety of V (in S) is contained in some T ∈ Σ.
3Note that this follows from elimination of imaginaries in algebraically closed fields and the fact that
constructible groups are definably isomorphic to algebraic groups. See [Mar02, Chapter 7].
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Proof. It is easy to see that an atypical subvariety of V in S is also an atypical subvariety
of an irreducible component of V . Hence we may assume V is irreducible.
Let Σ0 be the finite collection of algebraic subgroups of S given by Theorem 2.4 (for a
single variety V ). Let further X be a Γ-atypical subvariety of V . Then 〈X〉ws is Γ-special
and X is an atypical component of V ∩ 〈X〉ws.
By Theorem 2.4, there is b ∈ S and T ∈ Σ0 such that X ⊆ b + T . Hence 〈X〉ws ⊆ b+ T
and so b+ T = γ + T for some γ ∈ Γ. Further, Theorem 2.4 also implies
dimV + dim〈X〉ws − dimS < dimX =
dim(V ∩ (γ + T )) + dim(〈X〉ws ∩ (γ + T ))− dim(γ + T ) =
dim(V ∩ (γ + T )) + dim〈X〉ws − dim(γ + T ).
Thus, V and γ+T intersect atypically in S. Hence γ ∈ CT where CT is defined as in Lemma
2.12.
By Theorem 2.10 there is a finite collection ∆T of Γ-special subvarieties of CT such that
Γ ∩ CT ⊆
⋃
A∈∆T
A.
In particular, γ ∈ A for some A ∈ ∆T . But then X ⊆ γ + T ⊆ A + T . Note also
that A + T ⊆ CT + T = CT ( S by Remark 2.13. Since A + T is a coset of an algebraic
subgroup of S, we may choose Σ to be the (finite) collection of irreducible components of
all cosets A+ T for T ∈ Σ0 and A ∈ ∆T . Note that since CT is a union of cosets of T , if T
is a semi-abelian subvariety then ∆T consists of Γ-cosets of T . Therefore, if Σ0 consists of
semi-abelian subvarieties of S then Σ =
⋃
T∈Σ0
∆T . 
Theorem 2.15. Let S be a semiabelian variety, Γ ⊆ S be a subgroup of finite rank and
S ⊆ S be a Γ-special subvariety. Then for every subvariety V ⊆ S, there is a finite collection
Σ of proper Γ-special subvarieties of S such that any Γ-atypical subvariety of V in S is
contained in some T ∈ Σ.
Proof. (cf. [Kir09, Theorem 4.6]) Let S = γ +S0 where S0 is a semi-abelian subvariety of
S. If X is an atypical component of V ∩ T in S, where T ⊆ S is Γ-special, then X − γ is
an atypical component of (V − γ)∩ (T − γ) in S0. Denote Γ0 := Γ∩S0. Then T − γ ⊆ S0
is Γ0-special and X − γ is Γ0-atypical. Let Σ0 be the finite set of Γ0-special subvarieties of
S0 given by Theorem 2.14. Then we can choose Σ = {γ + T
′ : T ′ ∈ Σ0}. 
Remark 2.16. This argument shows that all statements of this section remain true if we
replace S with a Γ-special subvariety S.
Remark 2.17. To deduce Theorem 1.7 from Theorem 2.15 we argue as follows. Let S, Γ, S
and V be as above, and let Σ be the finite collection of proper Γ-special subvarieties of S
obtained by Theorem 2.15. Assume X ⊆ V is a maximal Γ-atypical subvariety in S. Then
X ⊆ T for some T ∈ Σ, hence there is a component Y of V ∩ T with X ⊆ Y . If Y is an
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atypical component of V ∩T in S then X = Y . So assume dimY = dimV +dimT −dimS.
On the other hand, 〈X〉ws ⊆ T is Γ-special and X is an atypical component of V ∩ 〈X〉ws in
S. We claim that X is an atypical component of Y ∩ 〈X〉ws in T . To this end observe that
dimY + dim〈X〉ws − dim T = dimV + dim〈X〉ws − dimS < dimX.
Since dimT < dimS, we can proceed by induction on dimS.
3. Γ-atypical subvarieties in Y (1)n
Let j : H→ C be the modular j-function where H is the complex upper half-plane. The
group GL+2 (R) of real matrices with positive determinant acts on H by linear fractional
transformations. Let GL+2 (Q) be its subgroup of matrices with rational entries. For g ∈
GL+2 (Q) we let N(g) be the determinant of g scaled so that it has relatively prime integral
entries. For each positive integer N there is an irreducible polynomial ΦN(X, Y ) ∈ Z[X, Y ]
such that whenever g ∈ GL+2 (Q) with N = N(g), the function ΦN(j(z), j(gz)) is identically
zero. Conversely, if ΦN (j(z), j(w)) = 0 for some z, w ∈ H then w = gz for some g ∈ GL
+
2 (Q)
with N = N(g). The polynomials ΦN are calledmodular polynomials. For a complex number
w its Hecke orbit is the set {z ∈ C : ΦN (w, z) = 0 for some N}.
Definition 3.1. A special subvariety of Cn is an irreducible component of a variety defined
by modular equations, i.e. equations of the form ΦN(xi, xk) = 0 for some N and 1 ≤ i, k ≤
n.4 Note that here we allow i = k in which case the coordinate xi is constant equal to a
special value of j (a.k.a a singular modulus), i.e. the image of a quadratic point of H under
j.
Definition 3.2. A weakly special subvariety of Cn is an irreducible component of a variety
defined by equations of the form ΦN (xi, xk) = 0 and xl = cl where cl ∈ C is a constant.
Note that a weakly special variety is special if and only if its constant coordinates are
special numbers.
Remark 3.3. Analogously, a subvariety U ⊆ Hn (i.e. an intersection of Hn with an algebraic
subvariety of Cn) is weakly special if it is defined by equations of the form zi = gi,kzk where
gi,k ∈ GL
+
2 (Q) for i 6= k and equations of the form zi = τi where τi ∈ H. If, in addition,
each τi is a quadratic point then U is a special subvariety of H
n. Then a (weakly) special
subvariety of Cn is just the image of a (weakly) special subvariety of Hn under j.
Definition 3.4. Let S ⊆ Cn be a weakly special variety.
• Let V ⊆ S be a subvariety. A (weakly) atypical subvariety of V in S is an atypical
(in S) component of an intersection of V with a (weakly) special subvariety.
• An atypical subvariety X of V is strongly atypical if no coordinate is constant on X.
4More precisely, these are the special subvarieties of Y (1)n where Y (1) is the modular curve SL2(Z) \H,
which is identified with the affine line C.
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The irreducible components of an intersection of (weakly) special varieties are (weakly)
special, hence every irreducible variety X ⊆ Cn is contained in a smallest (weakly) special
subvariety containing X, called the (weakly) special closure of X. The special and weakly
special closures of X will be denoted respectively by 〈X〉 and 〈X〉ws.
The following is a uniform version of Theorem 1.5.
Theorem 3.5 ([PT16, Asl18]). Given a parametric family of algebraic subvarieties (Vq)q∈Q
of a special variety S in Cn, there is a finite collection Σ of proper special subvarieties of S
such that for every q ∈ Q and for every strongly atypical subvariety X of Vq in S there is
T ∈ Σ with X ⊆ T .
Remark 3.6. We may assume in the above theorem that Vq ∩ T is atypical in S. Indeed, if
Vq∩T is typical in S then consider the parametric family (Vr∩T )r∈Q. Since X is an atypical
component of Vq ∩ 〈X〉 in S, it is also an atypical component of (Vq ∩ T )∩ 〈X〉 in T and we
can proceed inductively.
In particular, an algebraic variety V contains only finitely many maximal strongly atypical
subvarieties (see also Remark 2.17).
Let us introduce a piece of notation before proceeding.
Notation. Let n be a positive integer.
• We write (n) for (1, . . . , n). The notation i = (i1, . . . , im) ⊆ (n) means that 1 ≤ i1 <
. . . < im ≤ n, and k = (k1, . . . , kn−m) = (n) \ i is the unique tuple k ⊆ (n) such that
{1, . . . , n} = {i1, . . . , im} ∪ {k1, . . . , kn−m}.
• For i = (i1, . . . , im) ⊆ (n) we define pri : C
n → Cm to be the projection map onto
the i-coordinates.
• For c ∈ Cm and i = (i1, . . . , im) ⊆ (n) we denote Πi,c := pr
−1
i (c) ⊆ C
n. Further, for
Y ⊆ Cn we denote Yi,c := Y ∩ Πi,c.
Lemma 3.7. Let S ⊆ Cn be a weakly special variety and V ⊆ S be an irreducible algebraic
subvariety. Fix i = (i1, . . . , ik) ⊆ (n) and set T = pri S. Then
C := Ci := Ci,V := {c ∈ T : V ∩ Si,c is atypical in S}
is a proper Zariski closed subset of T .
Proof. It is easy to see that dimSi,c = dimS − dimT for any c ∈ T . Then
C = {c ∈ T : dim(V ∩ Si,c) > dimV − dim T}.
Hence C ⊆ T is Zariski closed.
Denote W = pri V . If V ∩Si,c is non-empty then c ∈ W ⊆ T . If W ( T then we are done.
Otherwise let b be generic in W over a field of definition of V (note that all other varieties
are also defined over this field). Notice that Vi,b = V ∩Si,b is the fibre over b of pri restricted
to V . Since V is irreducible, by the fibre dimension theorem we have
dim(V ∩ Si,b) = dimV − dimW = dimV − dimT = dimV + dimSi,b − dimS.
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Therefore b /∈ C and C ( T . 
Definition 3.8 (cf. [HP16, Definition 3.8]). For a weakly special variety S the largest
number N for which ΦN occurs in the definition of S is called the complexity of S and is
denoted by ∆(S).
Proposition 3.9. Given an algebraic subvariety V of a weakly special variety S in Cn, there
is a positive integer N such that for every weakly atypical subvariety X of V there is a proper
weakly special subvariety T of S with ∆(T ) ≤ N such that X ⊆ T and V ∩ T is atypical in
S.
Proof. If X is strongly atypical then it is contained in one of the finitely many special
subvarieties of S given by Theorem 3.5. Assume X has some constant coordinates, namely,
xil = cl for l = 1, . . . , m. Denote i = (i1, . . . , im), c = (c1, . . . , cm). If V ∩ Si,c is atypical in
S, and hence Si,c ( S, then we can choose T = Si,c. So assume it is a typical intersection,
i.e.
dim(V ∩ Si,c) = dimV + dimSi,c − dimS.
Let k = (n) \ i and define S ′ = prk S and V
′ = prk Vi,c, X
′ = prkXi,c. Then S
′ = prk Si,c.
Moreover, S ′ and X ′ do not have any constant coordinates and S ′ is strongly special. If
P := 〈X〉ws is the weakly special closure of X then X is an atypical component of V ∩P in
S, and P = Pi,c. Now if P
′ = prk P then we claim that X
′ is an atypical component of V ′∩P ′
in S ′. To this end notice that dimX ′ = dimX, dimV ′ = dim Vi,c = dim(V ∩Si,c), dimP
′ =
dimP, dimS ′ = dimSi,c. Therefore
dimX ′ = dimX > dimV + dimP − dimS =
(dimV ′ − dimS ′ + dimS) + dimP ′ − dimS = dimV ′ + dimP ′ − dimS ′.
Since X ′ does not have constant coordinates, we conclude that it is a strongly atypical
subvariety of V ′ in S ′. On the other hand, V ′ is a member of a parametric family of varieties
depending only on V , hence there is a natural number N , depending only on V and S and
independent of c, and a special subvariety T ′ ⊆ S ′ with ∆(T ′) ≤ N such that X ′ ⊆ T ′ and
V ′∩T ′ is atypical in S ′ (see Remark 3.6). Denote T = pr−1k (T
′)∩Si,c. Then T ( S is weakly
special, ∆(T ) ≤ N , X ⊆ T and V ∩ T is atypical in S, for
dim(V ∩ T ) = dim(Vi,c ∩ Ti,c) = dim(V
′ ∩ T ′) >
dimV ′ + dimT ′ − dimS ′ = dimV + dimT − dimS.

Now we recall the definition of Γ-special and Γ-atypical varieties for convenience.
Definition 3.10. Let Γ be a finite subset of C.
• A point z ∈ Cn is Γ-special if every coordinate of z is either special or is in the Hecke
orbit of some γ ∈ Γ.
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• A weakly special subvariety of Cn is Γ-special if it contains a Γ-special point.
• A weakly atypical subvariety of V is Γ-atypical if its weakly special closure is Γ-
special, that is, all constant coordinates of X are Γ-special.
The following is a modular analogue of the Mordell–Lang Conjecture.
Theorem 3.11 ([HP12]). Let V ⊆ Cn be an algebraic variety and let Γ ⊆ Qalg be a finite
subset. Then V contains only finitely many maximal Γ-special subvarieties.
Now we can state and prove the main result of this section.
Theorem 3.12. Let Γ be a finite subset of Qalg and S be a Γ-special variety. Then for every
subvariety V ⊆ S there is a finite collection Σ of proper Γ-special subvarieties of S such that
any Γ-atypical subvariety of V is contained in some T ∈ Σ.
Proof. As in the proof of Theorem 2.14, we may assume V is irreducible.
Let X ⊆ V be Γ-atypical. Then its weakly special closure 〈X〉ws is Γ-special. By Propo-
sition 3.9 there is a weakly special T ( S with ∆(T ) ≤ N and X ⊆ T where N depends
only on V and S. Moreover, V ∩ T is atypical in S. Since 〈X〉ws ⊆ T and 〈X〉ws contains
a Γ-special point, so does T and hence it is Γ-special. Assume that xil = γl, l = 1, . . . , m
are the constant coordinates of T which are not constant on S. Let i := (i1, . . . , im) and
k := (n) \ i and denote T˜ := pr−1k (prk T ), i.e. T˜ is the special subvariety of S defined by
the equations of T apart from the equations xil = γl. If T˜ ( S then T˜ is a proper Γ-special
subvariety of S containing X and T˜ belongs to a finite collection Θ of Γ-special subvarieties
depending only on V and S since ∆(T˜ ) ≤ N .
Now assume T˜ = S. Then T = Si,γ where γ = (γ1, . . . , γm), and V ∩ Si,γ is atypical in S.
Let Ci ⊆ pri S be defined as in Lemma 3.7. Then γ ∈ Ci. Let Ξi be the finite collection of
maximal Γ-special subvarieties of Ci given by Theorem 3.11. Note that γ is Γ-special for T
is Γ-special. Hence, there is Q ∈ Ξi with γ ∈ Q. Thus, we can choose
Σ = Θ ∪ {S ∩ pr−1i Q : Q ∈ Ξi, i ⊆ (n)}.

Remark 3.13. We can deduce Theorem 1.9 from Theorem 3.12 as in Remark 2.17.
4. Uniform versions
In this section we study uniform versions of Theorems 2.14 and 3.12 using results of
Hrushovski [Hru01] and Scanlon [Sca04].
4.1. The semi-abelian setting. We will need the following uniform version of the Mordell–
Lang conjecture which can be deduced from the latter by automatic uniformity (see [Hru01,
Corollary 3.5.9] and [Sca04, Theorem 4.7]).
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Theorem 4.1. Let S be a semi-abelian variety and Γ ⊆ S be a subgroup of finite rank.
Given a parametric family of algebraic subvarieties Vq ⊆ S, there is a finite collection Σ of
semi-abelian subvarieties of S, and an integer m, such that for every q, the Zariski closure
of Vq ∩ Γ is the union of at most m Γ-cosets of groups from Σ.
Now we can prove the following uniform version of Theorem 2.15.
Theorem 4.2. Let S be a semi-abelian variety, Γ be a subgroup of finite rank and S ⊆ S
be a Γ-special subvariety. Given a parametric family of algebraic subvarieties Vq ⊆ S, there
is a finite collection Σ of proper Γ-special subvarieties of S, and an integer m, such that for
any q there is a finite subset ∆ = ∆(q) ⊆ Γ, |∆| ≤ m such that any Γ-atypical subvariety of
Vq is contained in δ + T for some δ ∈ ∆, T ∈ Σ.
Proof. The proofs of Theorems 2.14 and 2.15 can obviously be generalised to work in this
setting. In particular, we may assume S = S. Note that for a parametric family Vq, there
is a parametric family consisting of all irreducible components of Vq for all q, hence we
may assume each Vq is irreducible. Further, let T be one of the finitely many semi-abelian
subvarieties of S given by Theorem 2.4. Then the varieties CT,Vq defined as in Lemma 2.12
form a parametric family and we apply Theorem 4.1 to that family and proceed as in the
proof of Theorem 2.14. 
4.2. The modular setting. In the modular setting we need a uniform version of Theorem
3.11.
Theorem 4.3. Let Γ ⊆ Qalg be a finite set. Given a parametric family of algebraic subva-
rieties Vq ⊆ C
n, there are integers N and m such that for any q the variety Vq contains at
most m maximal Γ-special subvarieties all of which have complexity ≤ N .
Proof. Notice that Γ-special points are Zariski dense in Γ-special subvarieties. Then the
theorem follows from Theorem 3.11 and [Sca04, Theorem 2.4]. 
Theorem 4.4. Let S be a Γ-special subvariety of Y (1)n and Γ ⊆ Qalg be a finite set. Given a
parametric family of algebraic subvarieties Vq ⊆ S, there are integers N and m such that for
any c there is a finite set ∆ = ∆(q) consisting of at most m proper Γ-special subvarieties of
S, all of which have complexity ≤ N , such that any Γ-atypical subvariety of Vq is contained
in some T ∈ ∆.
Proof. The proof of Theorem 4.2 can obviously be adapted to this setting. 
Note that uniform statements about maximal Γ-atypical subvarieties can be deduced from
Theorems 4.2 and 4.4 as in the previous sections.
5. Optimal varieties
The Zilber–Pink conjecture is often formulated in terms of optimal subvarieties. Let S
be a semi-abelian variety or Y (1)n.
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Definition 5.1 ([Pin05b, HP16]). For a subvariety X ⊆ S the defect of X is the number
δ(X) := dim〈X〉 − dimX.
Definition 5.2 ([HP16]). Let V be a subvariety of S. A subvariety X ⊆ V is optimal (in
V ) if for every subvariety Y ⊆ V with X ( Y we have δ(Y ) > δ(X).
Remark 5.3. It is easy to show that maximal atypical subvarieties are optimal.
Conjecture 5.4 ([HP16]). Let V be a subvariety of S. Then V contains only finitely many
optimal subvarieties.
Lemma 5.5 ([HP16, Lemma 2.7]). Conjecture 5.4 is equivalent to the Zilber–Pink conjecture
for S.
By analogy with optimal varieties, we want to define Γ-optimal varieties in Y (1)n where
Γ ⊆ Qalg is a finite set.
Definition 5.6. Let X be a subvariety of Y (1)n.
• The Γ-special closure of X, denoted 〈X〉Γ, is the smallest Γ-special subvariety of
Y (1)n containing X.
• The Γ-defect of X is the number
δΓ(X) := dim〈X〉Γ − dimX.
Remark 5.7. It is easy to verify that irreducible components of an intersection of Γ-special
varieties are Γ-special, hence the Γ-special closure is well defined.
Definition 5.8. Let V be a subvariety of Y (1)n and X be a subvariety of V . Then X is
called Γ-optimal (in V ) if whenever X ( Y ⊆ V , we have δΓ(X) < δΓ(Y ).
Theorem 5.9. Let V ⊆ Y (1)n be a subvariety. Then V contains only finitely many Γ-
optimal subvarieties whose weakly special closure is Γ-special.
The obvious adaptation of the proof of [HP16, Lemma 2.7] works in this setting. We
present it for completeness.
Proof. Denote S := 〈V 〉Γ. LetX ( V be Γ-optimal whose weakly special closure is Γ-special.
Then
dim〈X〉Γ − dimX = δΓ(X) < δΓ(V ) = dimS − dimV,
hence X is an atypical component of V ∩ 〈X〉Γ in S. Let Y ( V be a maximal Γ-atypical
subvariety of V in S containing X. Then X is a Γ-optimal subvariety of Y . On the other
hand, by Theorem 1.9 Y belongs to a finite set of Γ-atypical subvarieties. Since Y ( V we
can proceed by induction. 
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Remark 5.10. In the case of semi-abelian varieties, and even algebraic tori, the irreducible
components of an intersection of Γ-special subvarieties may not be Γ-special, hence we
cannot define a Γ-special closure as above. Indeed, consider the two dimensional torus
G2m(C) = (C
×)2. Let Γ1 be the torsion subgroup of Gm(C), and Γ2 be the division closure
of a cyclic subgroup of G2m(C) generated by a transcendental element γ ∈ C. Let also
Γ := Γ1 × Γ2 ⊆ G
2
m(C). Consider two Γ-special subvarieties
S : y1y2 = γ, T : y
2
1y2 = γ
2.
Then S ∩ T = {(γ, 1)} which does not contain a point of Γ, for γ is not a torsion point.
However, in some cases the Γ-special closure is well defined, and then the analogue of
Theorem 5.9 clearly holds. For instance, when Γ ⊆ S is the torsion subgroup of a semi-
abelian variety S, then Γ-special varieties coincide with special varieties and the Γ-special
closure of an irreducible variety is equal to its special closure and is well-defined. In this
case, the analogue of Theorem 5.9 states that for every variety V ⊆ S there are only finitely
many optimal subvarieties of V whose weakly special closures are special (and one can use
the Manin–Mumford conjecture instead of the Mordell–Lang conjecture to prove this).
Let us give one more example when the Γ-special closure is well-defined. If S = Gnm is
an n-dimensional torus, and Γ = Γn0 where Γ0 ⊆ Gm is the division closure of a finitely
generated subgroup, then it is easy to verify that Γ-special varieties are closed under taking
irreducible components of intersections. Hence, the analogue of Theorem 5.9 holds in this
case too.
As mentioned in the introduction, our methods are quite general and we expect them to
generalise to the setting of (pure) Shimura varieties, and the analogue of Theorem 5.9 should
follow from an appropriate Ax–Schanuel statement (which was proven for pure Shimura
varieties in [MPT18]) and a Mordell–Lang conjecture (see, for example, [DR18, HP16] for a
discussion of the Zilber–Pink conjecture for Shimura varieties and the appropriate definitions
in that setting). Further, in [DR18] Daw and Ren proved that the Zilber–Pink conjecture for
Shimura varieties can be reduced to a point counting conjecture stating that every variety
contains only finitely many optimal points. It seems their methods can be applied to prove
an analogue of Theorem 5.9 for Shimura varieties.
I discussed these ideas with Christopher Daw, and he showed in particular that the ar-
gument of [DR18, Theorem 8.3] can be adapted to prove that if every variety contains only
finitely many points which are special and optimal, then every variety contains only finitely
many optimal subvarieties whose weakly special closures are special. On the other hand,
finiteness of special optimal points follows from the André–Oort conjecture for such points
are maximal special. Thus, the André–Oort conjecture for Shimura varieties implies that a
subvariety of a Shimura variety contains only finitely many optimal subvarieties the weakly
special closures of which are special. Since the André–Oort conjecture is proven for Ag (see
[Tsi18]), this gives an unconditional result in that case. This method should probably extend
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to Γ-special and Γ-optimal varieties which will then give a new proof for Theorem 5.9, and
hence for Theorem 1.9 too. Nevertheless, we do not consider these questions in this paper.
Acknowledgements. I would like to thank Christopher Daw for helpful discussions about
optimal varieties.
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